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Soil water, solute, heat and gas transport processes are often simulated using convective-dispersive or di�usion-type
equations. These models have to be coupled with a root activity model to simulate plant development. To make
such coupling easier, a generic convective-dispersive model of root growth and proliferation is proposed. The
submodels of root growth rate and root convective and dispersive propagation rates are built so that statistical
hypothesis testing can be used to reject an hypothesis on dependence of the rates on root and soil variables. The
objective of this work is to test this model using maize plants grown in pots whose walls and bottom mechanically
restrict root growth. Treatments included supplying the normal and double the normal amount of fertilizer and
water. Plant development was monitored by weekly destructive harvests until 45 d after emergence. Root
concentrations were determined in 24 sections of the pots along with shoot parameters. The modular soil and root
process simulator 2DSOIL was used to simulate root development. The model explained 73±77% of variation in
the value of the logarithm of the root concentration measured in the experiments. Statistical hypothesis testing led
to rejection of the hypothesis that root di�usivity did not depend on root concentration. The hypotheses that there
is no geotropic root development and that root growth rate decreases with the growth of root concentration could
not be rejected.
Key words: Rootgrowth, modelling, ®nite element method, maize, greenhouse, convective-dispersive equation.
INTRODUCTION

Simulation of root growth and proliferation is an important
part of plant and crop modelling. Strong dependence of
simulated crop productivity and environmental quality
parameters on the root activity model is widely recognized
(Hanks, 1974; Klepper and Rickman, 1990).

Two main directions are developing in modelling root
system growth and activity. One explicitly simulates
proliferation and spatial distribution of root segments
belonging to di�erent root classes. Coordinates and size
of each root form the set of root state variables. These
models are referred to as `developmental' (Rose, 1983) or
`architectural' (Pages et al., 1989). Early e�orts of a one-
dimensional description of the root system architecture
(Narda and Curry, 1981; Rose, 1983; Porter et al., 1986;
Grant, 1993) were followed by the development of two-
dimensional (Shibusawa, 1992) and three-dimensional
(Diggle, 1988; Pages et al., 1989) models giving realistic
images of root systems and providing tools to test
hypotheses related to root development (Bengough et al.,
1992; Clausnitzer and Hopmans, 1994)

Another direction in root system simulations uses the
continuum model of the root system assuming that (a) root
mass or root length per unit of soil volume is a root state
d (b) that root state variables can be de®ned at
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any point or for any volume within a soil, without
considering the architecture of the root system. Continuum
models of root systems include a formulation of a root
proliferation submodel either in the form of di�erential
equations of the di�usion-like propagation process (Page
and Gerwitz, 1974; Hayhoe, 1981; Brugge and Thornley,
1985) or using root concentrations in soil cells of ®nite size
(Chopart and Vauclin, 1990; Jones et al., 1990; Marani
et al., 1992) or in the form of a given function of depth and
time (Subbaiah and Rao, 1993).

Authors of continuum models have mainly used a one-
dimensional representation of root systems with root
concentrations or root segment distribution dependent on
a single spatial variable representing depth. However, it was
recognized that row crop simulators should include two-
dimensional root models (Klepper and Rickman, 1990).
The ®rst two-dimensional simulator RHIZOS was for
cotton (Bar-Yosef et al., 1982) and was modi®ed for use
with soybean crops (Acock et al., 1983).

Since root growth and activity are strongly a�ected by soil
state variables, root activity simulations require a root
activity model coupled with soil water, solute, heat and gas
transport and soil impedance models (Whisler et al., 1986;
Clauznitzer and Hopmans, 1994). The recent process-based
soil models are formulated as di�erential equations expres-
sing conservation laws (Timlin et al., 1996). The equations
are solved using an arbitrary subdivision of a soil pro®le into
cells. For compatibility purposes, it seemed to be useful to

have a generic root growth and activity model formulated
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using di�erential equations. A generic convective-dispersive
model of root growth and proliferation was proposed by
Acock and Pachepsky (1996). Root proliferation was viewed
as the result of a di�usion-like, gradient-driven propagation
in all directions and convection-like downward propagation
caused by geotropism. The ®nite element method was used
to solve the boundary problem for the convective-di�usive
equation. The model explained 92% of the variation in the
experimental data of Chen and Lieth (1993) on root growth
of potted chrysanthemum cuttings when the following
hypotheses were accepted: (1) root di�usivity (colonization
of new soil) did not depend on root concentration; (2) there
was no geotropic trend in root development; (3) potential
root growth increased linearly with root concentration; (4)
there were (at least) two classes of roots with di�erent rates
of growth and proliferation; and (5) potential root growth
rate decreased with distance from the plant stem base. In the
experiments used in this work, the root system of the
chrysanthemum cuttings consisted of adventitious roots that
did not reach the walls of the pots.

Further testing of the convective-dispersive model of root
growth and proliferation, although in a controlled environ-
ment, had to include more features that could be
encountered in ®eld crops. We focused on two aspects of
root growth that are present in crops and could be emulated
in a controlled environment. First, the development of the
primary (seed, seminal) roots precedes the development of
adventitious roots in crops. Second, roots encounter dense
and/or dry layers that prevent growth. Our objective was to
test the model for the conditions in which the primary root
would be allowed to grow and the roots would be restricted
in their growth at some stage of plant development. Such
conditions were expected to develop in experiments with
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potted maize plants as conducted in this work.
MATERIALS AND METHODS

Pots 24 cm high with an internal diameter of 12 cm were
®lled with a `Ji�y mix' 1 : 1 mixture of Canadian Sphagnum
peat moss and vermiculite, and amended with 1.7 g
dolomite per litre of mixture. Two doses of `Osmocote'
14-14-14 fertilizer were used to provide the standard
(160 kg per 25 000 plants haÿ1) and double the standard
amount of fertilizer used when growing maize in Maryland,
USA. Drip irrigation was set to provide irrigation treat-
ments equal to one- or two-times the rate of potential daily
transpiration. The `Early Sunglow' maize cultivar was used
in the experiment. Two seeds were sown per pot on 1 Jul.
1996. Plants emerged on 5 July and were thinned to one
plant per pot on 8 July. Weekly destructive sampling of
plants began in the ®rst week and ended in the seventh week
after emergence. Three plants were sampled for each
sampling time and each level of fertilization. The total
number of plants grown was 42 (�two fertilizer applica-
tions � seven sampling times � three replications).

Shoot parts were separated from the root in each sampled
plant. The above-ground part of the crown roots was
included in the shoot. Plant height, leaf area, leaf weight and
stem weight were recorded. Root concentrations were

determined in 24 sections of each container. The sections
were formed by cutting the soil into six equal vertical layers
and by cutting each layer into annuli using circular cuts of
30, 60, and 90 mm from the axis of symmetry. The
gravimetric soil water content was measured along with
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The convective-di�usive model of root growth and
proliferation

The root growth model (Acock and Pachepsky, 1996)
assumes that a maximum of two classes of roots are present:
young roots and mature roots. Root state variables are root
mass concentration of young roots, Y, and root mass
concentration of mature roots, M, both in kg dry matter
mÿ3 of soil. Young roots can grow, proliferate, transform
into mature roots and decay. Mature roots can decay.

A general equation for root proliferation ¯ux is chosen in
the form:

~q � ÿH�DY� � ~gY �1�
where ~q is the vector ¯ux of the young root material
growing through a unit cross-section of soil (kg mÿ2 dÿ1),
D is the root di�usivity coe�cient (m2 dÿ1) and ~g is the
vector of convective root material transport related to
geotropism. Di�usion is assumed to be isotropic and the
vector g is directed downwards.

In axisymmetrical cases, eqn (1) can be rewritten as

qx � ÿxD
@Y

@x
; qz � ÿD

@Y

@z
� gY �2�

where x and z are the radial and the vertical coordinates,
respectively. In the case of root growth in the vertical plane
cross-section, eqn (1) becomes:

qx � ÿD
@Y

@x
; qz � ÿD

@Y
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where x and z are horizontal and vertical coordinates,
respectively.

The root mass conservation equation is:
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for growth in the vertical cross-section. Here R is the growth
rate of young roots (kg mÿ3 soil dÿ1), dY is the decay rate of
young roots (kg mÿ3 soil dÿ1), TY4M is the rate of transfor-
mation of young roots to mature roots (kg mÿ3 dÿ1) and
d is the decay rate of mature roots (kg dry matter mÿ3 soil
M
dÿ1). Values of R, dY, TY4M , dM , D and g are supposed to
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re¯ect soil variables a�ecting root growth and can depend
on root concentration. They are de®ned in separate
submodels as discussed in the next section.

Boundary conditions for eqn (4) or eqn (5) are: zero ¯ux
of root material through the soil surface z � 0, an axis of
symmetry, no horizontal ¯ux of material at x � 0, and no
material ¯ux through boundaries x � Lx and z � ÿLz .
The modular soil and root process simulator 2DSOIL

(Timlin et al., 1996) was used to simulate root development
with a root module developed from eqns (4) and (5).
Numerical solution of eqns (4) and (5) has been done using
the ®nite element method (available from the corresponding
author). The simulated root growth rate was adjusted at
each time step to make the simulated total root mass equal
to the measured one. In particular, the growth rate R in eqn
[5] had to obey the equation�L

0

�0
ÿLz

Rxdxdz � dW

dt
�6�

where W(t) is observed dependence of total root mass on
time and the integral on the left-hand side is equal to the
simulated rate of the total root mass increase. For this
purpose, we introduced a matching factor F equal to

F �
dW

dt�Lx

0

�0
ÿLz

Rpotxdxdz

�7�

and calculated actual growth rate (R) in each computational
element as

R � FRpot � Rpot

dW

dt�Lx

0

�0
ÿLz

Rpotxdxdz

�8�

Here R is the potential rate of the local root growth
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pot
de®ned in the root growth submodel as discussed below.

Y in the form:

1 �
Y

Submodels for the growth and proliferation rate parameters

The submodels for growth and proliferation rates express
hypotheses about the dependencies of these rates on soil
and plant state variables. Several pairs of contrasting
hypotheses can be found in existing root growth and
proliferation models that are based on the continuum
representation (Acock and Pachepsky, 1996).

(a) Some authors believe that there exists a maximum
root concentration, and growth ceases when root concen-
tration approaches this maximum (Brugge, 1985; Chen and
Lieth, 1993). Other authors assume that root concentration
does not limit root growth (Hansen, 1975; Hillel and
Talpaz, 1976; Hoogenboom and Huck, 1986).

(b) Whereas the local growth rate is a function of soil
state variables in the majority of models, some models treat
proliferation rate as a function of the same soil state
variables (Bar-Yosef et al., 1982; Hoogenboom et al., 1988;

Robertson et al., 1993; Chen and Lieth, 1993) and others
regard this rate as a constant (Page and Gerwitz, 1974;
Hansen, 1975; Brugge and Thornley, 1985).

(c) Local root growth rate is usually a function of existing
root concentration; some authors base it on mature root
concentration (Brugge and Thornley, 1985) others on
young root concentration (Huck and Hillel, 1983) or on
total root concentration (Acock et al., 1983).

(d) The number of root categories with distinctly di�erent
parameters of growth and proliferation can be one (Huck
and Hillel, 1983; Chopart and Vaclin, 1990), two (Bar-
Yosef et al., 1982; Brugge and Thornley, 1985), three (Ares
and Singh, 1974; Marani et al., 1992) or four (Johnson and
Thornley, 1985).

(e) Some models include geotropism explicitly as a
di�erence between vertical and horizontal proliferation
rates (Hansen, 1975; Acock et al., 1983). Other models are
based on the assumption that the propagation of roots
downward does not have a deterministic vertical com-
ponent and may or may not occur depending on the state of
soil in the upper part of the pro®le (Page and Gerwitz,
1974; Huck and Hillel, 1983; Chopart and Vauclin, 1990).

( f) Root proliferation is viewed either as a convective
process driven by the local root concentration (Hillel and
Talpaz, 1976; Marani et al., 1992; Chen and Lieth, 1993) or
as a di�usive process driven by the gradient of root
concentration (Page and Gerwitz, 1974; Brugge and
Thornley, 1985).

To chose between hypotheses in some of these pairs, we
applied a method previously used by Shein and Pachepsky
(1995) and Acock and Pachepsky (1996). Namely, we
formulated a submodel expressing one of the hypotheses in
each pair so that there was a single parameter that should
equal zero if the hypothesis under test was correct.
Therefore, if the estimated value of the parameter di�ers
signi®cantly from zero, the hypothesis should be rejected.

Since the soil state variables were expected to have values
close to optimal, the dependencies of optimal growth and
proliferation on root concentration could be studied. We
tested the following hypotheses: (1) root di�usivity does not
depend on root concentration; (2) there is no geotropic
trend in root development; and (3) potential root growth
increases linearly with root concentration.

Speci®cally, to test the hypothesis that root di�usivity
does not depend on root concentration, we included in the
model a dependence of di�usivity D on root concentration
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D � D0 0�01 � 0�99
b1
� �b2

264
375 �9�
where D0 is the potential di�usivity attainable at the
maximum root concentration. Values of b1 close to zero
mean that there is no dependence of D on Y. Parameter b2
regulates the shape of the dependence. It can be assumed
that there is no dependence of di�usivity D on root
concentration Y if the estimated value of the parameter b is
2

close to zero, and D � 0.5D0 at any value of Y.
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To test the hypothesis that there is no geotropic trend in
root development, we assessed the signi®cance of the
di�erence between the estimated value of g in eqns (1)±(5)
and zero. We limited this study with the assumption that
there is only one class of roots.

To test the hypothesis that potential root growth Rpot
does not decrease as root concentration increases, we used
the equation:

Rpot � b3Y�1 ÿ b4Y� �10�

The relationship can be assumed to be linear if the value of
b4 does not di�er signi®cantly from zero. A value of the b4
other than zero will cause Rpot to increase, plateau, then
decrease as root concentration increases. Inspection of eqn
(8) shows that the parameter b3 is a multiplier both in the
numerator and in the denominator. Therefore, the assumed
value of b3 does not in¯uence the results of the simulations.
In this work, the value of b3 was arbitrarily set equal to
1 dÿ1.

To estimate the average values and standard errors of the
parameters, we used the Marquardt±Levenberg algorithm
of non-linear optimization to ®nd a minimum root mean
square error (RMSE) of logarithms of the root concen-
tration:

RMSE �

����������������������������������������������XK
i�1

�log nci ÿ log �n m
i �2

K

vuuuut �11�

where nci and �n m
i are computed and average measured

values of total root concentration n � Y � M, respectively
and K is the total number of replicated root concentration
observations. Using logarithms provided the minimization
of relative rather than absolute errors of the model (Clapp
and Hornbereger, 1978). This was important in working
with root concentration data that varied within four orders
of magnitude across a root system for a single plant.

Optimization was done with the version of the Mar-
quardt±Levenberg algorithm published by Van Genuchten
(1981). This version provided both estimates of the average
parameter values and estimates of standard errors. To test
the signi®cance of the di�erence between the parameter
value and zero we calculated t-statistics as a ratio of the
estimated average to the estimated standard error. This
ratio was compared with tabulated values of Student's
distribution function tNÿP, 1ÿa/2 at the signi®cance level
a � 0.05 with the total number of observations, N � 144
(24 sections � six sampling times).

If any of the parameters used for testing the hypotheses
are not close to zero, there is still a chance that we will
accept a wrong hypothesis. This may happen because we
have ®tted a poor model to the data and the de®ciency of
the model has distorted the result. To minimize this
possibility, we ®tted our model to the experimental data
using all possible combinations of acceptance and rejection
of the hypotheses discussed above. The total number of
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combinations was eight (23).
The goodness-of-®t criterion was used to test the
hypothesis that the model error is signi®cantly larger than
the intrinsic variation in the data (Whitmore, 1991). The
mean square lack-of-®t and the mean square pure error
statistics have to be computed. The mean square pure error
s2r is known to be an unbiased estimator of the model's error
(Pollard, 1977):

s2r �

XK
i�1

�nci ÿ �n m
i �2

KÿP
�12�

Here P is the number of parameters. The mean square pure
error s2e characterizes the intrinsic variation in data:

s2e �

XN
i�1

Xmi

j

�nmij ÿ �n m
i �2

NÿK
�13�

where N is the total number of all replications,

N �
Xk
i�1

mi;mi

is the number of replications in the ith observation, n m
ij is the

jth replication of the ith observation and, �n m
i is the average

ith observation. The ratio of the lack-of-®t mean square
and the square of the mean square pure error, s2e is the
statistic for the error comparison. The model errors are
signi®cantly larger than intrinsic errors of measurements, if

s2r
s2e

4FKÿP;NÿK �14�

where FKÿP, NÿP is Fisher's ratio. These values together
with the signi®cance level 0.05 were used below. Values of
K ÿ P varied between 24 and 21 depending on which
hypotheses were accepted in the simulations, and N±K was
equal to 72 (96-24). We calculated values of F with these
degrees of freedom as described by Press et al. (1992, p.
222) using their subroutine betai. Critical values of F24,72 at
the 0.05 and 0.01 levels of signi®cance were 1.84 and 2.22,
respectively; changing the ®rst degree of freedom to 21 led
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21,72

RESULTS

Data for shoot measurements and total root biomass
dynamics are shown in Fig. 1. There were almost no di�er-
ences in plant growth caused by di�erences in irrigation and
fertilizer applications. Only the leaf area measurement
showed lower values for the standard irrigation schedule
compared with double the level of irrigation. Figure 1 also
shows that the variation in whole-plant parameters was
relatively low in replications. The maximum variation
coe�cients were 9, 12, 20, 28, 21 and 28% in plant height,
total number of leaves, leaf area, stem dry weight, leaf dry
weight and root dry weight. Typical variation coe�cients

were about three-times less than the maximum values. The



60

80

100

120

140

160

180

200

220

40
10 20 30 40 50

H
e
ig
h
t
(c
m
)

5

6

7

8

9

10

11

12

13

4
10 20 30 40 50

N
u
m
b
e
r
o
f
le
a
v
e
s

500

1000

1500

2000

2500

0
10 20 30 40 50

L
e
a
f
a
re
a
(c
m

2
)

5

10

15

20

25

30

35

0
10 20 30 40 50

S
te
m

d
ry

w
e
ig
h
t
(g
)

2

4

6

8

10

0
10 20 30 40 50

L
e
a
f
d
ry

w
e
ig
h
t
(g
)

1

2

3

0
10 20 30 40 50

R
o
o
t
d
ry

m
a
ss

(g
)

Days after emergence

FIG. 1. Plant development in the experiment. s, d Standard fertilizer application; j h, doubled fertilizer application; s, h ordinary irrigation;
d, j, doubled irrigation.
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variability tended to decrease as plants developed. To use
the dependence of the total root dry massW on time in eqns
(6)±(8), we ®tted a parabola to the data. The resulting
equation was W � 0.0568 � 0.0175(t ÿ 11) � 0.00081198
(t ÿ 11)2 where W is in g and t in days after emergence
(DAE), R2 � 0.977 for this equation.

An example of root development is shown in Fig. 2.
Plants established strong seminal roots along the axes of
symmetry in the pots early in their development. The nodal
roots reached the pot boundaries in the top soil layers at the
same time. The crown (brace) roots began to develop
around 3 weeks after emergence. They accumulated in the

soil close to the walls in the top layer. The rest of soil was
®lled with roots in a gradual fashion. The pots' walls and
bottoms served as impenetrable boundaries, and a sub-
stantial accumulation of root biomass was observed near
these boundaries. The variability in root concentration per
section was much higher than that in above-ground data.
The median value of the variation coe�cient was 50%, and
10% of the sections had variation coe�cients of root
concentrations greater than 150%.

The introduction of a dependence of root di�usivity on
root concentration [eqn (9)] led to estimated values of
parameter b1 that di�ered signi®cantly from zero in any of
the eight variants of the model accepting or rejecting the

other two hypotheses. Figure 3 shows the e�ect of
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introducing a linear increase in di�usivity with the increase
in root concentration. The determination coe�cient R2

increased from 0.703 to 0.748, the root mean square error
[eqn (11)] decreased from 0.456 to 0.391, and the mean
relative error halved in the `double fertilizer, ordinary
irrigation' treatment depicted in Fig. 3. Other treatments
showed similar improvements in ®ts (Table 1). Further
inspection of these data showed that better results might be
obtained if the rate of di�usivity increase per unit of root
concentration was lower at low root densities and increased
as the root concentration increased. The equation

D � D0�n ÿ 3�5�1 ÿ exp�ÿn=3�6��� �15�

where n is the root concentration in g mÿ3 and D0 �
2.9 � 10ÿ8 m5 dÿ1 gÿ1 provided the best overall corre-
spondence between measured and simulated root concen-
tration distributions in terms of mean square relative error.

Estimates of the geotropic trend parameter g were close

to zero and not signi®cantly di�erent from zero in any of
the eight variants of the model, accepting or rejecting the
other two hypotheses. We could not ®nd any decrease in
potential growth rate related to increase in root concen-
tration as projected by eqn (10). None of the estimated
values of parameter b4 di�ered signi®cantly from zero in the
eight variants of the model accepting or rejecting the other
four hypotheses.

Figure 4 depicts the results of calculations made with root
di�usivity dependence on root concentration according to
eqn (15), with no geotropic trend parameter, and with no
decrease in potential root growth related to the increase in
root concentration. Each cell in this ®gure represents the
physical sections of the containers that were formed by
cutting the soil into equal vertical layers and by cutting each
layer into annuli. The graphs within the cells show
calculated andmeasured dependencies of root concentration
(vertical axis) on time after planting (horizontal axis). The
model correctly simulates trends in root development in

most sections. The largest errors occur in the section on the



TABLE 1. Statistics of the performance of the model

Dependence of root di�usivity on root
concentration Statistics

Treatments

1F1W 1F2W 2F1W 2F2W

No dependence R2 0.687 0.711 0.703 0.691
RMSE 0.482 0.440 0.456 0.460

Linear dependence R2 0.727 0.751 0.748 0.717
RMSE 0.420 0.429 0.391 0.427

Non-linear dependence [eqn (15)] R2 0.775 0.763 0.762 0.781
RMSE 0.401 0.370 0.385 0.405
F-ratio, DAE � 17 0.280 0.330 0.175 0.219
F-ratio, DAE � 24 0.541 0.291 0.146 0.664
F-ratio, DAE � 31 0.760 1.003 0.941 0.880
F-ratio, DAE � 38 0.429 0.398 0.200 0.250
F-ratio, DAE � 45 0.883 0.337 0.253 0.411

Treatments involved use of normal (IF) and double the normal (2F) amounts of fertilizer and levels of irrigation equal to one-(1W) or two-(2W)
n

Reddy and PachepskyÐA Convective-dispersive Model of Root Growth and Proliferation 765
bottom directly under the plant and in the section that is
8 cm deep and 3 cm from the axis (Fig. 4).

The above results were obtained using a cell size of 1 cm
in the numerical solution of eqn (5). Two simulations were
repeated with a cell size of 0.1 cm. Results did not di�er
substantially (data not shown).

Although errors were signi®cant in some sections, the
overall goodness-of-®t was satisfactory for the model, and
the hypothesis that the error of the model is signi®cantly
larger than the intrinsic variation in data was rejected for all
four experiments. The F-ratios computed with eqn (14) were
all less than the critical values (Table 1). No dependence of
F-ratios on time was observed, although the model
appeared to perform better at the beginning and end of

times the rate of potential daily transpiration. DAE, Days after emerge
the simulated period (Table 1).
DISCUSSION

The convective-di�usive model of root growth and pro-
liferation described reasonably well the experimental data
on root growth of potted maize plants. The best R2 value
was 0.78 (Table 1)Ðsmaller than the value of 0.92 that we
obtained using experimental data on potted chrysanthe-
mum plants. The root mean square error was about 0.4,
which means that a 2.5-times error is typical. However,
Fig. 3 shows that large relative errors are mainly associated
with the low root concentration values. Points showing
large root concentration values are generally located near
the one-to-one line. One reason for this may be that large
relative error is unavoidable when root concentrations are
low because of the di�culties in extracting small roots. A
high variability in root concentration data was observed in
all treatments. This variability was the reason that the
goodness-of-®t statistical criterion indicated that the model
errors did not di�er signi®cantly from variability in the
data, or that, in other words, the model was not less
accurate than the data it was tested with.

The dependence of root di�usivity on root concentration
was found necessary to improve performance of the model.

The introduction of such a dependence is based on the idea
that fresh roots cannot colonize a new soil cell unless parent
roots are present in an adjacent cell (Hillel and Talpaz, 1976;
Huck and Hillel, 1983). This is a viable assumption when
layers of ®nite thickness are considered, but if the layers
become small enough, parent root formation and prolifera-
tion can be thought of as occurring simultaneously. We did
not ®nd such a dependence to be present when the
experimental data for chrysanthemum cuttings were
examined. Our conjecture was that the di�erence was related
to the biomass distribution in the root systems of the two
plants. Root systems of both maize and chrysanthemum are
de®ned as ®brous. However, there is a greater di�erence in
mass of roots of sequential orders in maize than in chrysan-
themum. In maize, roots of the ®rst order are much more
massive than roots of following orders. We hypothesized
that the larger the local root concentration, the more lower-
order roots are present, and more root proliferation may be
expected. Admittedly, the apparent smaller increase in
values of D with root concentration at low densities may
be related to the inability to ®nd and collect very ®ne roots.

A geotropism factor was not needed to explain the
experimental data. While many root activity models include
geotropism, several successful models do not (Page and
Gerwitz, 1974; Huck and Hillel, 1983; Chopart and Vauclin,
1990). It may be that, what appears to be geotropism in
observations of root behaviour is actually hydrotropism,
which is a dominant trend (Ja�e et al., 1985). However, the
experimental data we used are for maize growing adventi-
tious roots, and results might be di�erent for seedlings or
plants with a distinct taproot. The limited size of pots could
prevent geotropism being observed in this work. The
technique of hypothesis testing proposed in this paper
should be used to study this problem with other experimen-
tal data.

We used the observed dependence on time for the factor
F introduced in eqn (7) to ®t calculated total growth rate of
the root mass to measured rates. A mechanistic shoot model
has to be coupled with the proposed root model to ensure
proper allocation of carbon to roots and to generate the

ce.
correct pattern of dependence of W on t. Carbon allocation
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to roots was distributed between all computational cells in
proportion to the root concentration present in each cell.
Generally, this assumption worked well, although the root
concentration near the lower impermeable border was
underestimated. It is possible that the plant allocates
additional resources to the parts of the root system that
are able to support a tall and heavy plant. Plants grew more
than 2 m tall in the experiment whereas the root system was
con®ned to a 24 cm soil layer.

It should be noted that the model simulates the e�ect of
restrictions by restraining root proliferation according to
boundary conditions of eqn (5). As roots meet obstacles
they begin to accumulate. Their concentration grows locally

according to eqn (10) that is used in any location within the
soil. However, the increase in root concentration near an
obstacle occurs not only because of local growth but also
because new roots arrive from neighbouring cells. There-
fore, accelerated root growth near pot walls compared with
growth far from walls is expected and can be observed in
both experimental data and simulations.

Functions given by eqns (9) and (10) are quite ¯exible in
describing non-linear dependencies of root di�usivity and
potential root growth on root concentration. Examples of
dependencies described by these functions are given in
Fig. 5. However, these functions should not be expected to
give the best ®t to actual dependencies. The role of these
functions is to detect the presence of dependencies of D and

Rpot on root concentration rather than to give the best ®t.



and nutrient distribution in soil.

# 2001 US Government

and J. Euphrath on an early version of this manuscript.

Number 002 in series: Responses of vegetation to carbon dioxide.

1
A

0
10.1 10 100

Root concentration (g m�3)

D
/D

0

100

80

B

0

60

40

20

20 400 60 80 100

R
p
o
t
(g

m
�
3
d
�
1
)

A B

C
D

G

H
F

E

FIG. 5. Examples of dependencies of root di�usivity (A) and potential root growth rate (B) on root concentration as given by eqns (9) and (10)
with various values of parameters: A, b2 � 0.01 (ÐÐ), 0.5 (± ± ± ±) and 2 (� � � � � �); b1 � 1 (s), 10 (h) and 100 (n) g mÿ3. B, b3 � 5 dÿ1 (A±C),

. ÿ1 . ÿ1 . . 0 . . . . 3 ÿ1

Reddy and PachepskyÐA Convective-dispersive Model of Root Growth and Proliferation 767
Figure 5A shows that the value of D remains constant when
parameter b2 is close to zero. If ®tting the model to data
shows that this parameter is not statistically di�erent from
zero, then a constant value of D is su�cient. On the other
hand, if the ®tted value of b2 is di�erent from zero, then
there is a dependence of D on root concentration, and an
equation better than eqn (9) is needed. In this work, eqn (15)
was selected to describe this dependence. Similarly, Fig. 5B
shows that potential root growth depends linearly on root
concentration when parameter b4 is close to zero. If ®tting
the model to data shows that this parameter is not
statistically di�erent from zero, then Rpot is proportional
to root concentration, and the constant root growth rate per
unit root mass Rpot/Y is su�cient. On the other hand, if the
®tted value of b4 is di�erent from zero, there is a dependence
of Rpot/Y on root concentration, and an equation better
than eqn (10) should be sought. The value of b4 was not
signi®cantly di�erent from zero in this work, and therefore
no modi®cations to eqn (9) were required.

The model [eqn (5)] permits the use of arbitrarily small
computational cells. This seems to contradict the actual
®nite size and speci®c shape of plant roots. However,
transport of water and solutes in soils also occurs in pores
with a ®nite size and speci®c shape. Nevertheless, di�eren-
tial equations similar to the system [eqn (5)] are successfully
used to simulate water and solute transport. The con-
vective-dispersive equation showed its applicability to
simulate root distributions with and without mechanical
restrictions to root growth.

The absence of di�erences between treatments (Fig. 1)
indicated that plants grew in optimal conditions at all times.
The indices of the model performance were similar among
the treatments (Table 1). The uniformly favourable con-
ditions of soil temperature, water and nutrient content in
the experiment of Chen and Lieth (1993) and in this work
meant the data sets were ideal for testing hypotheses about
e�ects of geotropism and root concentration. Gradients in
soil environmental conditions could have swamped these
subtle e�ects; instead, we were able to treat the model
parameters as independent of soil state variables. They have

1 4 d (D±F), 0 8 d (G±I); b4 � 0 (A), 0 020 (B), 0 011 (C),
to be functions of soil environmental variables to evaluate
the model with data on root response to temperature, water

(D), 0 025 (E), 0 013 (F), 0 (G), 0 033 (H) and 0 14 (I) m g .
CONCLUSIONS

The generic convective-dispersive model of root growth and
proliferation explained 73±77% of the variation in the
value of the logarithm of the root concentration measured
in the experiments with maize plants grown in pots whose
walls and bases provided mechanical restrictions to root
growth. The goodness-of-®t statistical criterion indicated
that the model errors did not di�er signi®cantly from
variability in the data. The submodels of root growth rate
and root convective and dispersive propagation rates were
built so that statistical hypothesis testing could be used to
reject an hypothesis on dependence of the rates on root and
soil variables. We tested hypotheses that (a) root di�usivity
did not depend on root concentration; (b) there is no
geotropic trend in root development; and (c) root growth
rate decreases with the growth of root concentration.
Hypothesis (a) was rejected, but hypotheses (b) and (c)
could not be rejected for plants that grew in optimal
conditions at all times in our experiment. Thus approach
can be used for two- and three-dimensional simulations of
root growth in concert with soil water and nutrient
transport that is described by similar transport equations.
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